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In the present paper a global conformal invariant Y of a closed initial data set is constructed. A spacelike 
hypersurface E in a Lorentzian spacetime naturally inherits from the spacetime metric a differentiation T> ei 
the so-called real Sen connection, which turns out to be determined completely by the initial data h a b and 
Xab induced on E, and coincides, in the case of vanishing second fundamental form Xab > with the Levi-Civita 
covariant derivation D e of the induced metric h a b . Y is built from the real Sen connection T> e in the similar 
way as the standard Chern-Simons invariant is built from D e . The number Y is invariant with respect 
to changes of h a b and \ab corresponding to conformal rescalings of the spacetime metric. In contrast the 
quantity Y built from the complex Ashtekar connection is not invariant in this sense. The critical points of 
our Y are precisely the initial data sets which are locally imbeddable into conformal Minkowski space. 

1. Introduction 

In general relativity 3-manifolds play a distinguished role since in the initial value formulation of the Einstein 
theory the initial data, a metric h a b and a symmetric tensor field Xab , are defined on connected orientable 
3-manifolds E. Because of the complexity of the initial value formulation, any invariant characterization of 
the initial data could provide a deeper understanding of the dynamics of general relativity. Mathematicians 
have extensively studied the geometry and the invariant characterization of three dimensional Riemannian 
manifolds. In particular, Chern and Simons [1] introduced a global conformal invariant of closed, orientable 
Riemannian 3-manifolds as the integral of the so-called Chern-Simons 3-form built from the Levi-Civita 
connection. The stationary points of this integral, viewed as a functional of the 3-metric, are precisely the 
conformally flat 3-geometries. Thus it might be interesting to generalize this result for initial data sets of 
general relativity, obtaining a global conformal invariant of the initial data; and it might also be interesting 
even from a pure mathematical point of view if there is a similar conformal invariant for connections on 
other trivial principal or vector bundles over E. 

In the present paper we show that the Chern-Simons functional, built from the real Sen connection on 
a four dimensional trivializable Lorentzian vector bundle over a closed orientable 3-manifold E, is invariant 
with respect to rescalings of h a b and Xab corresponding to spacetime conformal rescalings; and the stationary 
points of this functional are precisely those triples (E ,h a b,Xab) that can be locally imbedded into some 
conformally flat Lorentzian spacetime with first and second fundamental forms h a b and Xab, respectively. 
For time symmetric initial data, i.e. when Xab = 0, our invariant reduces to that of Chern and Simons, i.e. 
our invariant is a natural generalization of the latter. 
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The second section of this paper is a review of the most important properties of the Chern-Simons 
functional for a general gauge group and the specific conformal invariant of Chern and Simons for Riemannian 
3-manifolds. The way in which we introduce their invariant, however, is slightly different from the original 
one, because it is this way that can be generalized to find Chern-Simons invariants for gauge groups larger 
than the rotation group. 

The third section is devoted to the Chern-Simons invariant of a triple (E ,h a b,Xab)- We denote our 
invariant by Y. Although in this paper we will not use the Einstein equations (or any other field equations), 
for the sake of simplicity we call such a triple an initial data set. First we consider a trivializable Lorentzian 
vector bundle U(E) over E, introduce the real Sen connection on it and then the Chern-Simons functional, 
built from the real Sen connection, will be introduced. In the third subsection we clarify some of its 
properties, in particular its conformal invariance, and we calculate its variational derivatives. For the sake 
of completeness in the fourth subsection we consider the Chern-Simons functional built from the complex 
Ashtekar connection. We consider this connection as a connection on the bundle of self-dual 2-forms on the 
Lorentzian vector bundle determined by the real Sen connection. It turns out, however, that this Ashtekar 
Chern-Simons functional is not invariant with respect to conformal rescalings. Thus the conformal invariance 
depends on the representation in which the Chern-Simons functional is constructed. In fact, the stationary 
points of this functional are the initial data sets that can be locally isometrically imbedded into a flat 
spacetime. 

The fourth section is devoted to the local isometric imbeddability of initial data sets into conformally 
flat geometries. More precisely, if E is an n dimensional manifold (n > 3), h a b a metric on E with signature 
(p,q), p + q = n, and \ab is a symmetric tensor field on E, then we are interested in the necessary and 
sufficient conditions for the triple (E ,h a b,Xab) to be locally isometrically imbeddable into some conformally 
flat (n + 1 ) dimensional geometry (M, g a b) with g a b of signature ( p+ 1 , q ) or (p, q+ 1 ) and so that the induced 
metric and second fundamental form are h a b and Xab, respectively. We find three tensor fields, built from h a b 
and Xab, whose vanishing characterizes this local imbeddability. In three dimensions one of these tensor fields 
vanishes identically, and the remaining two are given by the variational derivatives of the Sen-Chern-Simons 
functional. Thus the stationary points of the Sen-Chern-Simons functional are precisely the initial data sets 
that can be imbedded, at least locally, into some conformally flat spacetime. 

Ultimately, one wants to use the results of this paper in the study of solutions to the Einsten equations. 
An obvious question is that of the dependence of Y on (h a b, Xab), when the latter is evolved via the Einstein 
vacuum equations. This topic will be addressed in work in progress. 

Our conventions are mostly the same as those of [2]. In particular, the wedge product of forms is defined 
to be the anti-symmetric part of the tensor product, the signature of the spacetime and spatial metrics is 

(-1-) and (-), respectively. The curvature F a b a 0 of a covariant derivation V Q on a vector bundle is 

defined by —F a bafsX b v a w 13 := v a '\7 a {w l 3 '\7gX a ) — w^\7g{v a '\/ a X a ) — [t),w]“V a T“. Finally, the Ricci tensor 
is R a b := R e aeb and the curvature scalar is the contraction of R a b with the metric. Although we mostly 
use the abstract index notation, sometimes the differential form notation will also be used. Every mapping, 
section, tensor field, etc. will be smooth. Our general differential geometric reference is [3]. 

2 The Chern-Simons functional 

2.1 The general Chern Simons functional 

Let G be any Lie group, Q its Lie algebra and 7r : P —> E a trivializable principal fibre bundle over E 
with structure group G. Since P is trivializable, it admits global cross sections a : E —> P. Let V be a 
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k dimensional real vector space, p : G —> GL(R) a linear representation of G on V, p* : Q —> gl(V) the 
corresponding representation of its Lie algebra and let E(E) be the vector bundle over E associated to P 
with the linear representation p of G on V. Because of the trivializability of P, E(E) is also trivializable, 
and hence it admits k pointwise linearly independent global sections e“ , a = 1, k. We call such a system 
of global sections a global frame field. Any global cross section of P can be interpreted as such a global 
frame field, and the ‘gauge transformations’ as certain k x fc-matrix valued functions A— & on E. 

Any connection on P determines a connection on E(E), whose connection coefficients with respect to 
a global frame field form a p*{G) C gl(/c,Revalued 1-form A^ b on E. Here p is the abstract tensor index 
referring to the manifold E. If —F- bpv '■= dn A % — d„A^ b + AjicA^ b — A^cA^, the curvature of the 
connection on E, then the Chern-Simons functional of the connection is the integral 


Y[A] := jjv(F [llv A p] + \a [ix A v A^ := j^ b _ a pA^ + \a% A^) (2.1.1) 

Obviously, Y[A\ is invariant with respect to orientation preserving diffeomorphisms of E onto itself. Recalling 
that under a gauge transformation A- b the connection and the curvature transform as 


A- 

A lib 


A '%_ ^^(AtcAH+d^b), 

a rpd 


rpa ._, TAfa _a a ta(l a c 

-T b/Aiy 1 * -t 1 bfii' •— bi 

where A b - is defined by A- c A b - = Sf, the Chern-Simons functional transforms as 


Y[A] ~ Y[A'] = 2 jf 0 a (^A„£ (9 7 A^)) ±6^+ 

+ H A H- (9 a A^a)A^ (d p A^ k )An £ (9 7 A 


( 2 . 1 . 2 ) 


Its first term on the right is zero by 3E = 0. First suppose that the gauge transformation A- b is homotopic 
to the identity transformation, i.e. there is a 1 parameter family of global gauge transformations A - b (t), 
t € [0,1], such that A-b(0) = 5 b and A-b(l) = A-b (‘small gauge transformations’). Then substituting 
A-b (t) into (2.1.2) and taking the derivative with respect to t at t = 0 we obtain that the right hand side 
is vanishing; i.e. the Chern-Simons functional is invariant with respect to small gauge transformations. For 
general gauge transformations, however, the second term on the right of (2.1.2) is not zero. In fact, as a 
consequence of the integrality of the second Chern class, for the left hand side of (2.1.2) we have (see e.g. 

[4]) 


Y[A] - Y[A'] = 16t r 2 lV, (2.1.3) 

for some integer N depending on the global gauge transformation A- b . We will see that the geometric 
content of this formal result is connected with a certain homotopy invariant of the mapping A : E —> G. In 
particular, for G = SO( 3) or 5O 0 (l, 3), the connected component of 5'0(1, 3), N is just the integer that can 
be interpreted as twice the winding number of A. 

Finally, let us consider any smooth 1 parameter family (t) of connections on 2£(E) and the corre¬ 
sponding Chern-Simons functional T[A(f)]. Then 

SY[A] ■■= (^F[A(t)])| t=0 = 2 jjTA(F [tlv SA p] ) +d bl (Tr(A v 6A p] ))), (2.1.4) 

where SA^ b := (^A^ b (t))|t=o, the ‘variation’ of the connection 1-form. Thus Y[A] is functionally differen¬ 
tiable and the derivative is essentially the curvature. 
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2.2 The conformal invariant of Chern and Simons for Riemannian 3-manifolds 


Let R —> E be a trivializable principal bundle over E with structure group 50(3), p the defining represen¬ 
tation of 50(3) and let T(E) be the associated trivializable vector bundle. The global sections of R can be 
interpreted as globally defined frame fields T? of T(E), i = 1,2,3. Then one can introduce the negative 
definite fibre metric h a b for which T? (and hence any frame field obtained from E ? by the action of 50(3)) 
is orthonormal; i.e. if is the basis dual to T? and ?yij := diag(—1, —1, —1), then h a b '■= d'a^b Vij ■ (The 
dual basis can also be interpreted as a vector bundle isomorphism E( E) —> E x R 3 : (p,X a ) i—> (p, X 1 ) and 
the fibre metric h a b is the pull back of the constant metric ?yij along '&), ■) Any connection on R determines 
a covariant derivation D a on T(E), annihilating the fibre metric h a b- If T?, d* a is a pair of dual global h a b~ 
orthonormal frame fields, then the connection can be characterized completely by its connection coefficients 
V — n E a 

Since for any orientable 3-manifold the tangent bundle is trivializable, there is a vector bundle isomor¬ 
phism, the so-called soldering form, between the tangent bundle and the abstract vector bundle T(E). It 
is 9 : TE —> E{ E) : (p,v a ) i— > (p, i> Q 0“). By means of the soldering form TE and E{ E) can be identified 
(and there will not be any difference between the Greek and Latin indices) and h a b will be a metric on TE. 
Obviously, for any fixed soldering form, there is a one-to-one correspondence between the negative definite 
metrics on TE and the global frame fields in T(E) modulo the 50(3) action. Furthermore, the connection 
on T(E) determines a linear metric connection on TE. Requiring the vanishing of the torsion of this linear 
connection, the connection on T(E) will be completely determined and the connection coefficients yb be¬ 
come the Ricci rotation coefficients of the Levi-Civita connection. Thus the Chern-Simons functional, built 
from that connection on T(E) whose pull back to TE is the Levi-Civita one, is completely determined by 
T?. Consequently, for such connections Y will be a second order functional of T?, invariant with respect to 
homotopically trivial gauge transformations, but it will depend on the homotopy class of the global frame 
field on E. Therefore h a b determines TIT 1 ?] modulo 167r 2 only. 

To understand the root of this obstruction, recall that A : E —> SO( 3) is a proper map (i.e. the inverse 
image of any compact subset of SO( 3) is compact, because E itself is compact) and dim E = dim SO(3). Thus 
there is an integer, deg(A), the degree of A, such that for any 3-form w on SO( 3) / E A*(w) = deg(A) f so ^ to 
[5]. In particular, for the normalized invariant volume element of 50(3), dv := ^A T Tr((A” 1 dA) A (A _1 dA) A 
(A _1 dA)), by (2.1.2) and (2.1.3) we have 


deg(A) = J A*(di>) = — ^ J Tr^(A -1 dA) A (A"MA) A (A -1 dA)) = i N . (2.2.1) 


But deg(A) counts how many times E covers the rotation group by the mapping A, and hence N may be 
interpreted as twice the winding number of the map A : E —» 50(3). In particular, for E ~ 5 3 the homotopy 
classes of the mapping A are precisely the elements of ^(50(3)). 

A direct calculation shows that T[T?] is invariant with respect to the conformal rescalings T? i—> Q~ 1 E? J , 
and hence T[T?] modulo 167r 2 is a conformal invariant of (E ,h a b)- Any 1-parameter family E?(t) of global 
frame fields yields a 1-parameter family yb (t) of connection coefficients, i.e. any variation SE ? determines a 
variation <5yb . Thus any variation of the metric h a b determines the variation of the connection coefficients, 
apart form an unspecified small gauge transformation. Then by (2.1.4) it is a straightforward calculation to 
show that the variational derivative of T [T“] with respect to h a b is well defined and it is the Cotton-York 
tensor [1], Thus the stationary points of the 50(3) Chern-Simons functional are, in fact, the conformally 
flat Riemannian metrics. It is this picture that we generalize in finding our conformal invariant of initial 
data sets in the next section. 
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3 The Chern—Simons invariant of initial data sets 


3.1 The Lorentzian vector bundle 

Let L —> £ be a trivializable principal bundle over £ with the structure group 5C*o(l,3), p its defining 
representation and let T(£) be the associated vector bundle. G(£) is therefore a trivializable real vector 
bundle of rank 4 over £. The global sections of L can be considered as globally defined frame fields e“, 
o=0, with given ‘space’ and ‘time’ orientation; and one can define the Lorentzian fibre metric g a b on 
V(E) for which e“ is orthonormal. Explicitly, if is the basis dual to e“ and r/ab '■= diag(l, —1, —1, —1) 
then g a b := C aCbVab- C a can also be interpreted as a vector bundle isomorphism V(£) —> E x R 4 : 
(p, X a ) i—> (p, X-) and g a b as the pull back of gab from E x R 4 to V(£). 

Since both TE and V(£) are trivializable, there are imbeddings 0 : TE —» V(£) : (p,v a ) i—> (p, n“0“) 
such that the vectors n Q 0“ are all spacelike with respect to the fibre metric g a b- Or, in other words, the 
pull back of g a b along 0, h a p := 0Q0pff O 6, is a negative definite metric on TE. Thus 0(T p £) is a spacelike 
subspace of the fibre V p in G(£) over p G E, and hence, apart from a sign, there is a uniquely determined 
global section t a of V(£) which has unit norm with respect to g a b and is a normal of 0(T£): n“0“t a = 0 for 
all v a tangent vector of E. The orientation of t" will be chosen to be compatible with the ‘time’ orientation 
above. Then P & ° := 5% — t a tb is the projection of the fibre V p onto 0(T p £) at each point p of E. Thus if X a 
is any section of V (E) then it can be decomposed in a unique way as X a = Nt a + N a , where TV is a function 
and N a is a section of V(E) such that PfN b = N a . N and N a may be called the lapse and shift parts 
of X a , respectively. Obviously, this decomposition depends on the imbedding 0. Any such decomposition 
of the sections of V(£) into its lapse and shift parts defines a vector bundle isomorphism i between V(£) 
and the Whitney sum of the trivial line bundle E x R and TE. For fixed 0 we can, and in fact we will, 
identify the tangent bundle TE with its 0-image in V(£). Then the Greek indices become /^-projected 
Latin indices. In spite of this identification we use the Greek indices if we want to emphasize that they are 
indices tangential to E. Obviously, the negative definite metric h a b does not fix the Lorentzian fibre metric 
g a b completely: g a b and g a b determine the same spatial metric iff g a b = gab + Tt a tb, where r : £ —> (—1, oo) 
is an arbitrary function. If X a is any section of V(£) then, under the transformation g a b i—> g a b + Tt a tb , its 
lapse part transforms as N i—> y/1 + tN, and hence this freedom corresponds to the pure rescaling of the 
lapse and the changing of the vector bundle isomorphism t above. Thus the Lorentzian vector bundle V (E) 
is completely determined by h a b and the knowledge of the lapse and shift parts of its sections. The vector 
bundle V(£) can be interpreted as the restriction of the spacetime tangent bundle TM to an imbedded 
spacelike hypersurface E, and 0 as the differential of the injection E —> M. 

A flojj-orthonormal global frame field will be said to be compatible with the imbedding 0 if it is of the 
form {t 0 ,T?}, i = 1,2,3. Thus E? is a triad of orthonormal vectors tangent to the distribution 0(T£) 
everywhere. The set of all such 0-conrpatible frame fields defines a reduction 50 o(1j 3) —» 50(3) of the 
gauge group (‘time gauge’). As the next lemma shows, there is no topological obstruction excluding the 
possibility of such a gauge reduction. 

Lemma 3.1.1: For any global frame field e“ there exists a globally defined one parameter family of Lorentz 
transformations A (t) : E —> 50o(l,3), t € [0,1], such that A-&(0) = Sf and A-b(l) takes e“ into a 
©-compatible frame field. 

Proof: Because of the trivializability of T, there are globally defined Lorentz transformations taking e“ into a 
©-compatible global frame. These transformations are unique only up to spatial rotations keeping the normal 
t a fixed. Or, in other words, we search for global Lorentz transformations modulo rotations, i.e. an element of 
the coset space SOq(1,3)/SO(3) being homotopic to the identity. But 50 q( 1) 3)/50(3) is homeomorphic to 
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R 3 , which is a contractible topological space. Hence any two mappings E —> £Oo(l, 3)/SO(3) are homotopic. 
In particular, there is a Lorentz transformation, taking e“ into a ©-compatible frame, which is homotopic 
to the identity transformation. EH 

This Lemma implies that there is a natural one-to-one correspondence between the homotopy classes of the 
global rotations E —> SO( 3) and of the Lorentz transformations E —> S'Oo(l,3). 


3.2 The real Sen connection 

Any connection on L determines a covariant derivation T> a on V (E) which annihilates the Lorentzian fibre 
metric g a b . However, we would like to build up our connection from the tensor fields h a b , Xab of the initial 
data set. Thus we follow the philosophy of subsection 2.2 in tying the connection with the fields on E, and 
we specify T> a by imposing the following restrictions on its action on independent sections of V(E). 

i. For the normal section t a let us define \ab '■= Pah, and for which we require that \ab = X{ab)- 

ii. For vector fields v a on E we require that ( V a v e )P i ,b = D a v b , where D a is the Levi-Civita covariant 
derivation on TE determined by h a b- 

Then for any section X a = Nt a + N a of V(E) we have V e X a = ( t a D e N + D e N a ) + ( Xe a h — Xebt a )X b . Thus 
it seems natural to extend D e from the sections of TE (i.e. of ©(TE)) to any section of F(E) by requiring 
D e t a = 0, since then both T> e and D e would be defined on the same vector bundle and we could compare 
them. For the Levi-Civita derivation extended in this way we have D e P£ = 0, D e g a b = 0 and 

V e X a = D e X a + (xe a tb - Xebt a )x b . (3.2.1) 

Thus, for given 0, the covariant derivation V e is completely determined by g a b and Xab] be. for given l, V e 
is completely determined by the initial data set. Suppose for a moment that E is a spacelike hypersurface 
in a Lorentzian spacetime ( M,g a b ), V e is the four dimensional Levi-Civita covariant derivation and define 
V a := P b Xb i the so-called 3-dimensional Sen operator [6]. Obviously T> a is well defined on any tensor field 
defined on the submanifold E, it annihilates the spacetime metric and satisfies the requirements i. and 
ii. above. It is easy to prove the converse of this statement, namely that the differential operator on the 
restriction to E of the spacetime tangent bundle satisfying i. and ii. and annihilating the spacetime metric is 
unique. Thus we call the connection satisfying i. and ii. the real Sen connection on V(E). The contraction 
of (3.2.1) with t„ and the projection of it to 0(TE), respectively, are 

(V e X a )t a = D e N - X eaN a , (3.2.2) 

C V e X a )P b = D e N b + N X b e ■ (3.2.3) 

Thus T> e can also be considered as a covariant derivation on the bundle of the pairs (N, N a ) on E, the 
Whitney sum of the trivial real line bundle E x R and TE. 

Next calculate the action of the commutator of two T e ’s on functions and on sections of V(E): 

(Ve'Df - VfV^jcj) = — 2 X b [e tf ] Vb^ (3.2.4) 

(v e v f - V f V e ^X a = - 2 x b [et f ]D b X a - (R a bef + X a eXbf - X a fXbe)x b - 

- (t a (D eXf b - DfXeb) - tb(D eX a f - D fX a e))x b , (3.2.5) 
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where R a bef is the curvature tensor of the Levi-Civita connection of (E,/i ab )• Then one can read off the 
curvature and the ‘torsion’ of the Sen connection: 


F bef '■—R bef + X eXbf X fXbeF 

+t a ( DeXfb - DfXeb ) - tb ( D eX f a - DfXe a ), (3.2.6) 

T e ab :=2 x e [a tb]- (3.2.7) 

Thus F a b a p represents the Gauss and Codazzi tensors, built from the initial data h a b and Xab, appearing 
in the 3+1 decomposition of the curvature tensor of a Lorentzian spacetime. Namely, if E is a spacelike 
hypersurface in ( M,g a b ) and M R a bcd is the spacetime curvature tensor then F a b e f = M R a bcdPePf- Note 
that F a ba /3 is the curvature in the strict sense of differential geometry [3]; i.e. it is a globally defined so(l, 3) 
Lie algebra valued 2-form on E. On the other hand, T e a b is not a torsion in the strict sense, because the 
torsion is defined only for connections on principal bundles that are reduced subbundles of the linear frame 
bundle of the base manifold; i.e. if there is a soldering form. The true torsion, the pull back to the base 
manifold of the covariant exterior derivative of the soldering form, is always a vector valued 2-form on the 
base manifold. Here T e a b is not such a 2-form on E, its projection to E is zero. 

^ e a > (a is a pair of dual g ob -orthonormal frame fields then we can define the connection coefficients of 
the Sen connection with respect to these frames by T^ b := C^V a e e a . These form a globally defined so(l, 3) 
matrix Lie algebra valued 1-form on E, and the tetrad components of the curvature in its ‘internal indices’, 
F^bat3 :=C %e b b F a b a / 3 , are built up from the connection components T~ b in the well known manner. 

Finally, let us consider the behaviour of the various quantities under conformal rescalings. For any 
function fl : E —» (0, oo) the conformal rescaling of the fibre metric, g a b > gab '■= Q 2 gab, determines the 
rescaling of the spatial metric: h a b > h a b '■= Q 2 h ab , but it doesn’t determine the rescaling of Xab • However, 
recalling how the extrinsic curvature of a spacetime hypersurface behaves under a conformal rescaling of 
the spacetime metric, the new Xab is expected to depend on an additional independent function O : E —> R 
too, and we define the new \ab by x ab '■= H Xab + Qh a b- If, for the sake of later convenience, we define 
Y e := Z) e (lnf2) and u> := then the behaviour of the Levi-Civita and Sen derivations, respectively, are 

D e X a = D e X a + T fc + P b a T e - h eb h af T f ) X b , (3.2.8) 

V e x a = V e X a + (p“T b + P b a T e - h eb h af r f ^X b +u(P?t b - t a h eb )X b . (3.2.9) 

One can now calculate the conformal behaviour of the curvature of the Levi-Civita connection, of the ‘torsion’ 
and of the curvature of the Sen connection: 

n 2 R ab cd = R ab cd + AP\*(D d] T fe ] - T d] T fe l) + P“ d b T e T e , (3.2.10) 

f e ab = T e ab + 2uPf a t b] , (3.2.11) 

n 2 F ab cd = F ab cd + 4P [ [ c a ((P d] T fc ] - T d] T fc l + X V) + t b 1 (D d] co - T d] - Xd] e T e )) + 

+ P c a l(T e T e +w 2 ), (3.2.12) 

where P" d := PcP d — P d Pc ■ H e a , (a is a pair of dual orthonormal bases, then, under the conformal 
rescaling, they must be rescaled as e“ e-> e“ := 0~ 1 e“, (§ i—> Q := . Thus the behaviour of the 

connection coefficients and the curvature components in such a basis are 
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(3.2.13) 

(3.2.14) 

where F a bc d is given by (3.2.12). 


f?6 = r 4 + cf (p: r f - h ef h ac T c ) e{ + (i~i/ - t°&e/) el, 

F-bcd = tfe b b F a bcd , 


3.3 The Sen—Chern— Simons functional on V (E) 

Following the general prescription of subsection 2.1, we can introduce the Chern-Simons functional T[r], 
built from the real Sen connection on the trivializable vector bundle V(E). We call Y[r] the Sen-Chern- 
Simons functional. Using formulae (3.2.12-14) it is a lengthy but straightforward calculation to derive how 
Y[r] transforms under conformal rescalings: 

Y[T]-Y[f] = j^D a (e abc {T e + ut e )elV b ^yT,, (3.3.1) 

where dE := the metric volume element determined by the 3-metric h ab . Thus for compact E the 

Sen-Chern-Simons functional is invariant with respect to rescalings that correspond to spacetime conformal 
rescalings; i.e. Y[r] modulo 167 t 2 is a conformal invariant of the initial data set. Since by Lemma 3.1 there 
is a one-to-one correspondence between the homotopy classes of the global rotations E —> SO( 3) and the 
global Lorentz transformations E —> SOq(1,3), the integer N in (2.2.1) can still be interpreted as twice the 
winding number of the global Lorentz transformation. 

Since for fixed t the real Sen connection is completely determined by h a b and \ab, Y[r] can also be 
considered as a second order functional of the frame field e“ and a first order functional of X ab- Similarly to 
the Riemannian case, any variation Sh a b of the 3-metric yields a variation hi T~ b of the connection coefficients 
and an unspecified small gauge transformation, and any variation 6 x a b yields a variation <5-2 Tv. Thus the 
variational derivatives of Y[T] with respect to h ab and Xab are well defined, and, using the general formula 
(2.1.4), these derivatives can be calculated. Since by Lemma 3.1 the pure boost gauge transformations are all 
small, these calculations can be carried out in the time gauge, where the formulae are considerably simpler. 
The results are 


= -8 V\h\e cd(a D c x b) d = 

=: 8 \Z\h\H ab , 

= -4 ^\h\{Y ab - e cd ^(D c (x\ b) d - X b)e Xed) - \ X b) c{D eX e d - D dX )) + H^ a x b \] 
=:-4 V\h\(B ab + H< a X b) e). 


(3.3.2) 

(3.3.3) 


Here Y ab := —e cd ^ a D c R d b ^, the Cotton-York tensor of the intrinsic 3-geometry; and F[ ab would play the role 
of the magnetic part of the Weyl curvature of the spacetime (M, g a b ) if E were a spacelike hypersurface in 
M. Both H ab and B ab are symmetric and trace free. Although, by (3.3.1), Y[r] is invariant with respect to 
any finite conformal rescaling, by (3.3.2) and (3.3.3) it is easy to prove directly its invariance with respect 
to infinitesimal conformal rescalings: If (fI(i),f2(i)) is a 1-parameter family of conformal factors such that 
17(0) = 1 and 17(0) = 0, then 
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(3.3.4) 


^y[r] := ^Y[T(t)])\ t= o = J^{-^-26flh ab + -^-(Sfl X ab + Snh ab )}d^ = 0, 

where Sfl := (^O(i)) t=0 and <512 := (A-12(t)) t=0 . We give a geometric characterization of the stationary 
points of the Sen-Chern-Simons functional, B ab = 0 and H ab = 0, in section four. 


3.4 The Ashtekar Chern Simons functional on ± A 2 (X) 

Next we are constructing another representation of the gauge group, S'O 0 (l ) 3), and the associated vector 
bundle. This will be the self-dual/anti-self-dual representation. We will see that the Chern-Simons functional 
constructed in this vector bundle is not invariant with respect to the conformal behaviour introduced in the 
second subsection. Thus the conformal invariance depends on the actual representation too. 

To start with, let A 2 (X) be the vector bundle of 2-forms on the fibres of T(X); i.e. the fibre of A 2 (X) 
over a point p € X is V* A V*. A 2 (X) is a trivializable, real vector bundle over X. The fibre metric g a b on 
V(E) defines a fibre metric on A 2 (X) by (a, 13) := 2 g ac g bd a ab f3 cd , for any a ab = a [ob ] and (3 a b = (3[ a b\ ■ If Ca , 
a = 0, ...,3, is a basis in V* (or a global frame held for V*(X)), then a < b, form a basis for V* (or in 

A 2 (X)), and (C- AC-,C £ AC-) = g--g— -gZ^gbc. Thus if Cf is £f a &-orthonormal, then {C° AC,C j AC k }, 
i, j , k,... = 1,2,3, is (, }-orthonormal and (C° A C 1 , C° A C") = —1 and (C 1 A C j , C‘ A ) = 1; i.e. the signature 

°f (>) is (-b ++)• 

Let Eabcd. be the g a b -volume form on the fibres of V(X), and introduce the duality mapping in the 
standard way: * : A 2 (X) —> A 2 (X) : W ab e-> *W ab := \£ a b cd W c d■ Then (*a, (3) = (a,*/3) and ** = —IdA 2 (s)- 
Thus the eigenvalues of the linear mapping * are ±i, and hence its eigenvectors belong to A 2 (X) (g» C, the 
complexihcation of A 2 (X). ± W a b '■= \{W a b T i * W ab ) are called the self-dual/anti-self-dual part of the (real) 
2-form W ab ■ Thus the complexihcation of A 2 (X) can be decomposed in a natural way as the Withey sum 
of two of its subbundles: A 2 (X) (g> C = + A 2 (X) ® ~A 2 (X). ± A 2 (X) are the bundle of self-dual/anti-self-dual 
2-forms, respectively, over X. They are trivializable complex vector bundles of rank 3 over X. 

If is any orthonormal dual global frame held then (*£- A A (-) = —e----, where e---- is 

the anti-symmetric Levi-Civita symbol, by means of which it is easy to calculate the self-dual/anti-self-dual 
part of the basis 2-forms. One has ± (<( 1 A ) = ±i£ 1 - i ok ± (C 0 A C k )- Thus ± Q b := 4 ± (^°Q), i = 1,2,3, 
form a basis in ± A 2 (X) and (“'"C 1 , ) = 8 if 3 , (A^ 1 > "C - ®) = 0. Therefore the self-dual and the anti-self-dual 

2-forms are orthogonal to each other and, by + C a b = _ Ch> they are also complex conjugate of each others. In 
the time gauge, i.e. if the pair of orthonormal global dual frame helds is {t a ,E? J }, {ta,^}, the contraction 
of the normal section of V(X) and the basis vectors of ± A 2 (X) is t a± Q b = i?^. Therefore, in the time gauge, 
± A 2 (X) can be identihed with the complexified tangent bundle TX ® C and its complex conjugate bundle, 
respectively, and can be chosen as a basis both in + A 2 (X) and in -A 2 (X). 

The real Sen connection on V(X) defines a unique connection on the vector bundles ± A 2 (X) by 

V^Wab := i ( V e w ab T ^s ab cd (V e W cd )y (3.4.1) 

Thus if {e“}, {Ca} is a pair of dual g 0 b-orthonormal global frame helds in V(X) and the corresponding 
connection coefficients of the real Sen connection are := C^T> e e b , then the H e -derivative of the basis 
helds are = — (Tb ± ir° k e kl oj ) ± Cah! he. the connection coefficients of the connection (3.4.1) in the 

basis ± C ab are 


t a i ._ pi 
ej • x ej 


±iL 


0 _ki . 

ek k 


J > 


(3.4.2) 
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where £ijk := 

metric h ab in 

[7]: 


£oij k • In the time gauge, when Tb reduces to the Ricci rotation coefficients yb of the spatial 
the spatial basis { E '“} and T° k = — ± Ab become Ashtekar’s connection coefficients 


± A e j — 7 e j T iXe/A k £ j. (3.4.3) 

Next let us consider the Chern-Simons functional built up from the connection ± A(,j given by (3.4.2). 
y[ ± A] can also be considered as a second order functional of e“ and a first order functional of Xab . Before 
calculating their variational derivatives, it seems useful to introduce the following notation: 

Vabcd X acXbd X ad X bci Vab - = Y aeb — XX ab XaeX bi U V e — X XabX > (3.4.4) 
Ja := D bX b a ~ D aX . (3.4.5) 

The algebraic symmetries of V a bcd and V ab are the same those of the Riemann and Ricci tensors, respectively. 
Then the tensors B ab and H ab of the previous subsection take the form: 


Bab — —£cd(aD C (R d b ) + + ~ X C (a e b)cdJ d > (3.4.6) 

Hab = -e cd{a D c x d b )- (3.4.7) 

Then the variational derivatives of Y^A] with respect to h ab and Xab , calculated most easily in the time 
gauge, are 


=2^\h\(H ab ^i{R ab ~ ^Rh ab + V ab - iwi oh )), 

T i VW\[e ce{a £ b)df D c D dXef + X {a e(R b)e - \h b)e R + V b ^ e - \h b ^ e V)). 


(3.4.8) 


(3.4.9) 


Using these formulae the variation of the Ashtekar-Chern-Simons functional under the infinitesimal confor¬ 
mal rescaling of the previous subsection can be given easily: 


SYfA] =^J^5n(R + V)+46n(D a D a X -D a D bX ab - Xab (R ab -^Rh ab + V ab -^Vh ab )')}dX. (3.4.10) 

Thus Y^A] is not invariant even with respect to infinitesimal conformal rescalings. Thus the invariance of 
the functional depends not only on the connection on the principle bundle, but the actual representation p 
of the structure group; i.e. the associated vector bundle too. 

The first term of the imaginary part on the right hand side of (3.4.9) can also be rewritten as 

£ c e{a £ b)df DcDdXef = _ 2 £ cd ^D c H b) d - D c (s c{a e H b)e ) + i h ab D e J e - |d (o J b) . (3.4.11) 

Thus for the stationary points of Yp^A] we have 
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H a b = 0, (a.) 

Rab — ^Rhab + Vab ~ ^Vh a b = 0, (b.) 

£ cd(aD C {R d b) +V d b )) = (a e b)cd.J d , ( c 0 

D( a Jb) = h ab D e J e . (d.) 


Now b. implies R a b + V a b = 0 and d. implies that D( a J&) = 0. We will show that these two, together with 
H a b = 0, imply the vanishing of J 0 . ( B ab = 0, i.e. c., will not be used in what follows.) First we show 
that J a is constant. By H a b = 0 we have D[ a Xb\ c = \h c ^ a J 6 ], and, using R ab + V a b = 0, a straightforward 
calculation shows that D[ a J b , = \D^ a J b ^, i.e. J a is, in fact, constant. Then taking the divergence of b., we get 
X b [aJb] = 0. Taking the divergence again and using D a J b = 0 we finally get J a J a = 0, i.e. by the definiteness 
of h a b, that J a = 0. But R ab + V ab = 0 and D^ aX b] c = 0 together is just the Gauss-Codazzi condition for the 
local isometric imbeddability of (E, h a b, Xab ) hr a flat spacetime with first and second fundamental forms h a b 
and Xab, respectively. 

4. The criterion of non-contortedness of the initial data sets 

Let E be an n dimensional manifold, n > 3, h ab a pseudo-Rienrannian metric with signature (p,q), p + q = n, 
and Xab a symmetric tensor field on E. The triple (E, h ab , Xab ) will be said to be locally imbeddable into the 
n + 1 dimensional pseudo-Riemannian manifold (M, g ab ) as a non-null hypersurface if each point p of E has 
an open neighbourhood U and there is an imbedding <j> : U —> M such that h ab = (f>*g a b and Xab = 4>*H a b, 
where K a b is the extrinsic curvature of </>(E) in M: K ab := e tf. Here t a is the unit normal of 0(E), 

g ab t a t b = ±1 and P b := S b ^ft a t b , the projection to E (the n dimensional, or hypersurface, Kronecker delta). 
The triple will be called non-contorted [8] if it is locally imbeddable as a non-null hypersurface into some 
conformally flat geometry ( M,g ab ). As is well known [8], for n = 3 (E ,h a b,Xab) is non-contorted iff the 
hypersurface twistor equation is completely integrable, i.e. it admits four linearly independent solutions. 

In the present section we give an equivalent characterization of the non-contortedness in any dimensions 
greater than two by the vanishing of three tensor fields. In three dimensions one of these vanishes identically, 
while the others are precisely B ab and H ab . Thus the stationary points of our conformal invariant are precisely 
the non-contorted initial data sets. In addition to the characterization of these stationary points, B ab = 0 
and H ab = 0 provide a new criterion for the complete integrability of the hypersurface twistor equation. The 
main result of this section is the following statement: 

Proposition 4.1 The initial data set (E ,h a b,Xab) is non-contorted if and only if the following tensor fields 
vanish: 


:= ± (V^ - + 1 —±- Y) Pl-P?v) = 0 . 

:= PfPdP(lD c X d b) = 0 , 

B -* : = J^T) “W - ± - 


(4.1-*) 

(4.1.m) 

D b]X j) = 0. (4.1.*m) 
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Here L ab := ~(R ab - 2 (n-i ) Rh ab), C ab cd := R ab c d + P [c L d ] is the We yl tensor of the metric h ab , and 
Vabcd and V ab are defined by (3.4.4). The sign ± corresponds to the sign of the length of the normal of £ in 
the imbedding: g ab t a t b = ±1. 

Proof: First suppose that (£, h ab , Xab ) is locally imbedded into the conformally flat (M, g a b) and for the sake 
of simplicity we identify £ with its 0-inrage in M. Let g ab be a flat metric on M such that g ab = 0 2 g o fc for 
some positive function fi on M , and let V a be the corresponding flat Levi-Civita covariant derivation. Since 
(M,g ab ) is flat, there exist (n + 1) linearly independent 1-form fields K a which are constant with respect 
to the flat connection: X a K b = 0. Let V 0 be the covariant derivation associated with the conformally flat 
metric g ab . If Cf b X b := (V e — X e )X a then 

Cf b = 2 S a {e X b) In Vl - g eb ~g a *X / InO = 

= 26 a {e V b) lnfl-g eb g af X f lnn, 

and the Riemann tensor M R ab cd of the connection V e takes the form 

ft 2 M R ab cd = 4<5[“V d] V 61 In fl - 4<5[“V d] In {lX b] In H + 2 5f c 6 b d] X e In flX e In Q. (2) 

Here the raising and lowering of indices on the right hand side is defined by the flat metric, while M R ab cd = 
g beM R a ecd- la what follows we rewrite every quantity using only the conformally flat metric g ab . In partic¬ 
ular, in terms of V e , eq.(2) takes the form 

M R ab cd = 4V bl In Q + 4tf[“Vd] hr HV d] In H - 25f c 6 b d] X e hr HV e hr fi, (3) 

and the V-constant 1-form fields satisfy 

X a K b = -2 K {a X b) hr n + g ab K e X e In H. (4) 

Let us define k a := PaK e and £ := t a K a , by means of which I\ a = k a ± f,t a . From eq.(4) we have 

D a k b ± fxab = —2fc( a T & ) +h ab (k e T e ±£f2 _1 ri^ (5) 

DaS, - Xa b k b = - £T a . (6) 

Here D a is the Levi-Civita covariant derivation on £, fi := t e X e fl and Y 0 := D a \nXl. Then by (5) and 
(6) D a (k e k e ± f 2 ) = —2T a (k e k e ± £ 2 ), which implies that f l 2 (k e k e ± f 2 ) = const. Thus it seems natural to 
introduce the following notations: 


k a := Hfc a , £ := u> := H 1 Cl. (7) 

Then by (5)-(7) and the definition of T 0 we have 

D a k b ± fxab = —k a T b + h ab (k e T e ± ufj ( 8 ) 

Dai - Xa b k b = -U)k a , (9) 

D a T b = D b T a . ( 10 ) 


Equations (8-10) form a system of partial differential equations for k a and f , whose conditions of integrability 
are 
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k‘ 


( 11 ) 


0 = ( D a D b - D b D =2^D[ 0 Xb] c + /i c [ 0 (Z? b ]W + T b ]W - Xb]eH"')) 

R cd abk d = ~(p a D b - D b D a ) k c = ± 2 (D [aXb] c + P[ a (D b] co + W T ft] - x%T e ))£+ 

+ 2(t X c [aX d b] + 2P^D b] T d l + p\l T b] T d l± 

± uP\lx\ - \p? a P*]{ TeT e ± w 2 ))fc d . (12) 

Applying P h a to eq. (3) we obtain 


M R l3kl P l a PiPcPd = 2{h a[c D d] T b - h b[c D d] T n + /i o[c T d] T 6 - /i b[c T d] T a ± 

A ^ (^a[cX d ]b ^bfcXrfja) ^a[c^ d ]b (^eH (1*1) 

M R a jkit a P b Pq Pd = -2h b[c (D d] u + cuT d] - x d]e T e ). (14) 

On the other hand the (n + 1) dimensional curvature tensor can be expressed in terms of the n dimensional 
curvature tensor and the extrinsic curvature, and hence we finally have 

R ab cd ± 2x°[cX% = 4P [ [ c a J D d] T fc ] + 4P [ [ c a T d] T & l ± ^P{“ X b \ - 2 P? c P h d] (T e T e ± w 2 ), (15) 

DcXdb - DdXcb = -2h b [ c (p d ]U + wT d | - Xd] e T e ). (16) 


Thus by (15), (16) the integrability conditions (11,12) of the system (8,9) are satisfied identically. Equations 
(15,16) contain two kinds of information: One is already in the form of conditions on ( h ab ,Xab )■ The other 
kind is a system of partial differential equations on (o>,T a ), which we obtain by contraction eqs.(15,16), 
namely eqs. (18,19) below, and which is again overdetermined. By writing down the integrability conditions 
to this latter system, we will finally arrive at the complete characterization of non-contortedness. 

The contractions of (15,16) are 


Rbd ± (xXbd — XbcX C d) = (fl — 2) (^D b T d + T b T d ± UJXbd - h ab Te + 
+ h bd (p e T e ± fix i {n 1 )w 2 ), 

R ± (x 2 - XabX ab ) = (n - 1) (2P e T e - (n - 2)T e T e ± 2o; X T nu 2 ) 
D cX c d - DdX = - (n - 1) (^D d u + ujT d - Xde T e ). 


Then by (17,18) 


Lbd A ^(xXbd XbcX d) 2{jl ] j (X XacX 

- (n - 2) (p b T d + T b T d ± u X bd - \h bd ( T e T e ± w 2 )). 

Then substituting (20) back into eq.(15) and using the definition of the Weyl tensor we obtain 


E ab cd := C 


ab 


cd '■ 


( 


± ( v ab cd - 


(n — 2) l 


P\*V b] * + 


(n — l)(n — 2) 


P\iPnV ] =0. 


) 


(17) 

(18) 
(19) 


( 20 ) 


( 21 ) 
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Eabcd plays the role of the Weyl tensor for the initial data sets. If n = 3 then C abc d and the term involving 
V ab c d in the expression for E abc d are separately zero identically. Also, in this case, equations (15) and (20) 
are equivalent. Next consider equation (16) and its contraction, eq. (19). By means of (19) eq.(16) can be 
rewritten as 


D c X d b - D d X c b = J^~[j P t( D eX d]e - D d \). 

Contracting this equation with P l J^ a := 3!P^Pj'P^ we obtain 


( 22 ) 


(n - 1) 


pijk ( JJ 
r abd \ Ur 


cd 


-D a 


- P ijk D‘ 

cd[a 


X d b] 


= P ijk D 

cd{a 


c d 

X b)- 


(23) 


Since its left hand side is antisymmetric in ab and its right hand side is symmetric in ab, they must vanish 
separately: 


Aijk _ ( 1 pef pijk . 1 pef pijk\ n [c_,<i] _ n 

ab ' \^ n _Yycd*abf'2^ ab ^ cd f) ^ e U ’ 

Hf--=Pf {a D c X d b) =Q. 


(24) 

(25) 


The possible independent contractions of H^ b k are 


h ab H = 0 (26) 

Kb k = ( n - 1 )(o^x k] b - ^^Pb(D eX k]e - £ fcl x))- (27) 

Thus by (27) H l J k = 0 is equivalent to (22), and hence implies A^ k = 0. Thus eq.(16) is equivalent to 
eq.(19) together with eq.(25). 

Next let us consider the contracted equations (19) and (20): 


(n - 1 )D b iO = - ( D c x c b ~ E>bX ) -(«-!) (wT b - Xfc c T c ), (28) 

(n — 2)D b T d = —L bd ± (v bd - ——jy h bd V j — (n — 2) ± tvxbd — ^h bd ( T e T e ± cu 2 )^. (29) 

These equations can be considered as a system of partial differential equations for T b and to. Their integra- 
bility conditions are 


0 = (D a D b - D b D a )u = ^(n - 1 )h ai h bj (h% 't' - ), (30) 

R cd abT c = (D a D b - D b D a )T d =(~ P [a L b] (^-6 - ^-L-P^ + 

+ (n _ !) 2 ( n _ 2 ) VP [a P b\)) T o T ^YfKjhbkH^- 

- <dh) T - 2bhr) Vp iP 

± ) | | v ' 11 u. ■ /; M \ I ) (31) 
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Thus by (22) and (27) the first condition is satisfied, while, using (21,22,27), the second can be rewritten as 


: = +h> * ++? - w^T) VPt ‘^ j^tA {DC x * - D ‘ ix) ) = ,3,, 

= ~^E ab cd T c :3f —L-^ uhaj h bk H% k h ed = 0. 

Obviously, B ab d = -B[ a fc]d and B\ ab( n = 0. Thus, to summarize, if (£, h a b, Xab) is non-contorted then E ab c d = 0, 

H ab = 0 and B ab d = 0. 

Conversely, let the initial data set (Y,h a b,Xab) satisfy the conditions i.-iii. of the proposition. We show 
that this data set can be imbedded locally into a conformally flat geometry. First let us consider the system 
of partial differential equations (28), (29) for lu and T b . Its integrability conditions are the equations (30) and 
(31), which, by the conditions i.-iii., are satisfied independently of to and Y a . Thus by the Darboux theorem 
the system (28), (29) is completely integrable: for any 1-form T o (p 0 ) at a given point po € £ and real 
number u(po) there is a uniquely determined solution of the system (28), (29) whose value at po is just the 
pair T 0 (po), w( po )■ Then by i. and ii. the pair (Y a , u) is also a solution of the system of equations (15), (16). 
Next, for a given pair (Y a , oj), let us consider the system of partial differential equations (8), (9) for k a and £. 
Its integrability conditions are (11) and (12), which, by (15) and (16), are identically satisfied independently 
of k a and £. Thus the system (8), (9) is completely integrable, and it has n+1 linearly independent solutions 
(^a^ a )» a = 0,1, •••) n , specified in the following way. Let {#“}, a = 1, ...,n, be a local coordinate system 
around po £ Y, in which h a g(po) = rj a 0 := diag(l,..., 1, —1,—1). (The number of +l’s is p and the number 
of -l’s is q.) Then the components of the solution 1-forms k a in this coordinate system at po and the value 
of the £ a ’s at po are chosen to satisfy = 0, £° = 1 and k@ = 5@, = 0. 

In a sufficiently small neighbourhood U" of po the 1-form Y a is not only closed (by (29)), but exact. 
Thus there exists a strictly positive smooth function 12 : U" —> (0, oo) such that Y a = D a In 12. Then let us 
define the following rescaling: k a := 12 _1 fc a , £ a := 12 _1 £ a and define 12 := 12u;. Then k a and £ a , defined 
only on U", satisfy 


D a k b 'A £xab = — 2/c( a Yb) + h ab (jc e T e ± £12 (33) 

Dat-Xabk b = -k a n~ 1 n-zr a . (34) 

By (33) ka are closed 1-forms on U". Thus in a sufficiently small open neighbourhood U’ C U" of po 
they are exact too, and hence there exist smooth functions </> a :[/'—» R such that k a = D a (f> a . Because 
of the special choice of the k a at po there is an open neighbourhood U C U' of po on which the rank 
of the mapping <f> := {(j ) a } : U —> R” +1 is n, i.e. <j> is an imbedding of U into the n+1 dimensional 
manifold R n+1 with the natural Descartes coordinates x a . At the points of </>(U) C R” +1 let us define 
the functions g ah (4>(p)) := fl 2 (±£ a (p)£h (p) + cj) a a (p)(fP /3 (p)h a P(p)) \/p € U. By (33) and (34) these are 
constant on 4>(U): D^g ah = 0, and, because of the special choice of the independent solution 1-forms and 
functions (& a ,£ a ) at po, g ab ((j)(po)) = V ah := diag(±l, 1,..., 1, — 1,..., — 1). Then extend <j ab to R" +1 in 
a constant way. Thus R” +1 together with g a b , the inverse of <j ab , is a (flat) pseudo-Euclidean geometry. 
Since by 4> a a g a .b£ b = 0 the 1-form £ a g a b annihilates every vecor tangent to <f>(U ), this 1-form is a normal 
of (/>([/) in R n+1 ; and its norm with respect to g ah is f^jab = (f a 3ac)(C b ffbd )g cd = ±12 2 (£ a £ b <j ab ) 2 , 
i.e. ^ Yl 2 g a b = ±1. Let us extend the function 12 from (j>{U) onto R n+1 to be positive everywhere 
and satisfying £ a <9 a 12 = 12, where <9 a is the partial derivative with respect to x a . Then g a b := 12 2 g a b is a 
conformally flat metric on R” +1 with respect to which £ a is a unit normal of </>([/). The pull back to U of this 
metric is </> a Q </> b Sab = f2 2 </> a Q g ac g cd <j db </> b = (0 a Q Sac <j> c ^ )/i'“'(0f l ,Sdb </> b ), implying that 0 a Q </> b g a b = h a p. 
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Finally, let us calculate the pull back to U of the extrinsic curvature of <j>(U). The Christoffel symbols of 
(R" +1 , c/ a b) in the coordinates x a are r® b = 2<5^ b <9 c ) lnO — (/b c g ad 9d lnf2, thus the pullback to U of the 
extrinsic curvature is (£ c ffcb ) = Xa/3 - 0 _1 0/i a/3 - </> a a (/>^r^ b g cd £ d = Xa/3- Q 

Under a conformal rescaling of the initial data set the conditions i.-iii. of the proposition are expected to be 
invariant. To check this, we should calculate the behaviour of the tensor fields E ab cd , H l J b k and B ab d under 
conformal rescalings. The results are: 


E a bcd = E\ cd , (4.2) 

Hf = (4.3) 

Babe = B abc + i E abc d D d In Q =F n- 1 tlh aj h bk H f f 3 c k . (4.4) 

Thus the conditions i.-iii. are, in fact, conformally invariant. 

Next let us consider the physically important special case of n = 3. As we mentioned in the proof above, 
in three dimensions E abcd = 0 identically. Furthermore A l J b is also zero identically and ii. is equivalent to 
H ab '■= ^\(~) q£ ijkH l J k = {—) q £ c d(a.E) c x d b ) = 0, the vanishing of the conformal magnetic curvature. (Here q 
is the number of -l’s in the pseudo-euclidean form of h ab .) Finally, 


e cd a B cdb = Y ab T e cd{a (D c (xX d b) ~ Xb)eX ed ) - \xb) c {D eX de - ^x))t 

T 9^/c X°j £ kab, 

and therefore ii., iii. are equivalent to 


(4.5) 


H ab := ^(- ) q£ i jk Hf = (- ) q e cd{a D c X d b) = 0, (ii 1 .) 

Bab := Yab T £ c d (a(D c (xx d b) - Xb)eX ed ) ~ \xb) c {D eX de - D d x )) = o. (iii'.) 

Both H ab and B a b are traceless and symmetric, for negative definite h ab they are the tensors H a b and B a b 
introduced in subsection 3.3, and if Xab = 0 (i.e. the initial data set is ‘time symmetric’) then E[ ab vanishes 
and B ab reduces to the Cotton -York tensor. Thus we have proven the following corollary: 

Corollary The three dimensional initial data set is non-contorted if and only if B ab = 0 and H ab = 0. 

The conformal behaviour of the symmetric traceless tensors B ab and H ab are: 


B ab = n- 1 (Bab T (-) 9 H" 1 f2 Hab) , (4.6) 

Hab = H ab . (4.7) 


Thus, as is well known, H ab is a conformal invariant of the initial data set; and for ‘internal’ conformal 
rescalings (i.e. when 0 = 0) B ab transforms covariantly, i.e. it has definite conformal weight, namely -1. 
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